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Wadge Degrees of Infinitary Rational Relations⋆
Olivier Finkel
Abstract. We show that, from the topological point of view, 2-tape Bu¨chi
automata have the same accepting power as Turing machines equipped with a
Bu¨chi acceptance condition. The Borel and the Wadge hierarchies of the class
RATω of infinitary rational relations accepted by 2-tape Bu¨chi automata are
equal to the Borel and the Wadge hierarchies of ω-languages accepted by real-
time Bu¨chi 1-counter automata or by Bu¨chi Turing machines. In particular,
for every non null recursive ordinal α, there exist some Σ0
α
-complete and
some Π0
α
-complete infinitary rational relations. And the supremum of the set
of Borel ranks of infinitary rational relations is an ordinal γ12 which is strictly
greater than the first non recursive ordinal ωCK1 . This very surprising result
gives answers to questions of Simonnet [Sim92] and of Lescow and Thomas
[Tho88, LT94].
Keywords. 2-tape Bu¨chi automata; infinitary rational relations; Cantor topol-
ogy; topological complexity; Wadge hierarchy; Wadge degrees; Wadge games;
Borel hierarchy; complete sets.
Dedicated to Bill Wadge on the occasion of his 60 th birthday
1. Introduction
In the sixties, automata accepting infinite words were firstly considered by Bu¨chi
in order to study decidability of the monadic second order theory S1S of one suc-
cessor over the integers [Bu¨c62]. Then the so called ω-regular languages have been
intensively studied and have found many applications for specification and verifi-
cation of non terminating systems, see [Tho90, Sta97, PP04] for many results and
references. On the other hand, rational relations on finite words were also studied
in the sixties, and played a fundamental role in the study of families of context
free languages [Ber79]. Investigations on their extension to rational relations on
infinite words were carried out or mentioned in the books [BT70, LS77]. Gire and
Nivat studied infinitary rational relations in [Gir81, GN84]. These relations are
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sets of pairs of infinite words which are accepted by 2-tape finite Bu¨chi automata
with asynchronous reading heads. The class of infinitary rational relations, which
extends both the class of finitary rational relations and the class of ω-regular
languages, and the rational functions they may define, have been much studied,
see for example [CG99, BCPS03, Sim92, Sta97, Pri00].
Notice that a rational relation R ⊆ Σω1 × Σ
ω
2 may be seen as an ω-language over
the alphabet Σ1 × Σ2.
A way to study the complexity of languages of infinite words accepted by finite
machines is to study their topological complexity and firstly to locate them with re-
gard to the Borel and the projective hierarchies. This work is analysed for example
in [Sta86, Tho90, EH93, LT94, Sta97]. It is well known that every ω-language ac-
cepted by a Turing machine with a Bu¨chi or Muller acceptance condition is an
analytic set and that ω-regular languages are boolean combinations of Π02-sets,
hence ∆03-sets [Sta97, PP04].
The question of the topological complexity of relations on infinite words also natu-
rally arises and is asked by Simonnet in [Sim92]. It is also posed in a more general
form by Lescow and Thomas in [LT94] (for infinite labelled partial orders) and
in [Tho88] where Thomas suggested to study reducibility notions and associated
completeness results.
Every infinitary rational relation is an analytic set. We showed in [Fin03b] that
there exist some infinitary rational relations which are analytic but non Borel.
Partial results about the Borel hierarchy of infinitary rational relations were first
obtained in [Fin03a, Fin07], where some Σ03-complete and some Π
0
3-complete in-
finitary rational relations were constructed. In a recent conference paper we proved
that for every non null recursive ordinal α, there exist someΣ0α-complete and some
Π
0
α-complete infinitary rational relations, [Fin06b].
On the other hand, William W. (Bill) Wadge studied in [Wad83] a great refine-
ment of the Borel hierarchy defined via the notion of reduction by continuous
functions. He determined the length of the new hierarchy obtained in that way,
which is now called the Wadge hierarchy and has been much studied in descriptive
set theory, see for example [Mos80, Kec95, Dup01]. It is then natural to ask for the
Wadge hierarchy of classes of ω-languages accepted by finite machines, like Bu¨chi
automata or 2-tape Bu¨chi automata. The Wagner hierarchy, effectively determined
by Wagner, is actually, as noticed by Simonnet in [Sim92], the Wadge hierarchy of
regular ω-languages; its length is the ordinal ωω [Wag79, Sel95, Sel98]. The Wadge
hierarchy of ω-languages accepted by Muller deterministic one blind (i. e. with-
out zero-test) counter automata is an effective extension of the Wagner hierarchy
studied in [Fin01]. Wadge degrees of deterministic context free ω-languages have
been determined by Duparc. The length of the Wadge hierarchy of deterministic
context free ω-languages is the ordinal ω(ω
2) [DFR01, Dup03]. Selivanov has re-
cently determined the Wadge hierarchy of ω-languages accepted by deterministic
Turing machines; its length is (ωCK1 )
ω [Sel03a, Sel03b].
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On the other hand, we recently proved in [Fin06a] that the Wadge hierarchy of
ω-languages accepted by non deterministic real time Bu¨chi 1-counter automata is
equal to the Wadge hierarchy of ω-languages accepted by non deterministic Bu¨chi
Turing machines. Using a simulation of real time 1-counter automata, we show
that, from a topological point of view, 2-tape Bu¨chi automata have the same ac-
cepting power than Turing machines equipped with a Bu¨chi acceptance condition.
The Borel and the Wadge hierarchies of the class RATω of infinitary rational re-
lations accepted by 2-tape Bu¨chi automata are equal to the Borel and the Wadge
hierarchies of ω-languages accepted by real-time Bu¨chi 1-counter automata or by
Bu¨chi Turing machines. In particular, for every non null recursive ordinal α, there
exist some Σ0α-complete and some Π
0
α-complete infinitary rational relations. And
the supremum of the set of Borel ranks of infinitary rational relations is an ordinal
γ12 which is strictly greater than the first non recursive ordinal ω
CK
1 . This very
surprising result gives answers to questions of Simonnet [Sim92] and of Lescow
and Thomas [Tho90, LT94].
This paper is an extended version of a conference paper which appeared in the
Proceedings of the 23rd International Symposium on Theoretical Aspects of Com-
puter Science, STACS 2006, [Fin06b].
The paper is organized as follows. In section 2 we recall the notion of 2-tape
automata and of real time 1-counter automata with Bu¨chi acceptance condition. In
section 3 we recall some definitions and properties of Borel and Wadge hierarchies,
and we prove our main result in section 4.
2. 2-tape automata and 1-counter automata
We assume the reader to be familiar with the theory of formal (ω-)languages
[Tho90, Sta97]. We shall use usual notations of formal language theory.
When Σ is a finite alphabet, a non-empty finite word over Σ is any sequence
x = a1 . . . ak, where ai ∈ Σ for i = 1, . . . , k , and k is an integer ≥ 1. The length
of x is k, denoted by |x|. The empty word has no letter and is denoted by λ; its
length is 0. For x = a1 . . . ak, we write x(i) = ai and x[i] = x(1) . . . x(i) for i ≤ k
and x[0] = λ. Σ⋆ is the set of finite words (including the empty word) over Σ.
The first infinite ordinal is ω. An ω-word over Σ is an ω -sequence a1 . . . an . . .,
where for all integers i ≥ 1, ai ∈ Σ. When σ is an ω-word over Σ, we write
σ = σ(1)σ(2) . . . σ(n) . . ., where for all i, σ(i) ∈ Σ, and σ[n] = σ(1)σ(2) . . . σ(n)
for all n ≥ 1 and σ[0] = λ.
The set of ω-words over the alphabet Σ is denoted by Σω. An ω-language over an
alphabet Σ is a subset of Σω. The complement (in Σω) of an ω-language V ⊆ Σω
is Σω − V , denoted V −.
4 Olivier Finkel
Infinitary rational relations are subsets of Σω × Γω, where Σ and Γ are finite
alphabets, which are accepted by 2-tape Bu¨chi automata (2-BA).
Definition 2.1. A 2-tape Bu¨chi automaton is a sextuple T = (K,Σ,Γ,∆, q0, F ),
where K is a finite set of states, Σ and Γ are finite alphabets, ∆ is a finite subset
of K×Σ⋆×Γ⋆×K called the set of transitions, q0 is the initial state, and F ⊆ K
is the set of accepting states.
A computation C of the 2-tape Bu¨chi automaton T is an infinite sequence of tran-
sitions
(q0, u1, v1, q1), (q1, u2, v2, q2), . . . , (qi−1, ui, vi, qi), (qi, ui+1, vi+1, qi+1), . . .
The computation is said to be successful iff there exists a final state qf ∈ F and
infinitely many integers i ≥ 0 such that qi = qf .
The input word of the computation is u = u1.u2.u3 . . .
The output word of the computation is v = v1.v2.v3 . . .
Then the input and the output words may be finite or infinite.
The infinitary rational relation R(T ) ⊆ Σω × Γω accepted by the 2-tape Bu¨chi
automaton T is the set of pairs (u, v) ∈ Σω × Γω such that u and v are the input
and the output words of some successful computation C of T .
The set of infinitary rational relations will be denoted by RATω.
Definition 2.2. A (real time) 1-counter machine is a 4-tuple M=(K,Σ,∆, q0),
where K is a finite set of states, Σ is a finite input alphabet, q0 ∈ K is the initial
state, and the transition relation ∆ is a subset of K ×Σ×{0, 1}×K ×{0, 1,−1}.
If the machine M is in a state q and c ∈ N is the content of the counter then the
configuration (or global state) of M is (q, c).
For a ∈ Σ, q, q′ ∈ K and c ∈ N, if (q, a, i, q′, j) ∈ ∆, where i = 0 if c = 0 and
i = 1 if c 6= 0, then we write:
a : (q, c) 7→M (q
′, c+ j)
Thus we see that the transition relation must satisfy:
if (q, a, i, q′, j) ∈ ∆ and i = 0 then j = 0 or j = 1 (but j may not be equal to −1).
Let σ = a1a2 . . . an be a finite word over Σ. A sequence of configurations r =
(qi, ci)1≤i≤n+1 is called a run of M on σ, starting in configuration (p, c), iff:
(1) (q1, c1) = (p, c)
(2) for each i ∈ [1, n], ai : (qi, ci) 7→M (qi+1, ci+1)
Let σ = a1a2 . . . an . . . be an ω-word over Σ. An ω-sequence of configurations
r = (qi, ci)i≥1 is called a run of M on σ, starting in configuration (p, c), iff:
(1) (q1, c1) = (p, c)
(2) for each i ≥ 1, ai : (qi, ci) 7→M (qi+1, ci+1)
For every such run, In(r) is the set of all states entered infinitely often during the
run r.
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A run r of M on σ, starting in configuration (q0, 0), will be simply called “a run
of M on σ”.
Definition 2.3. A (real time) Bu¨chi 1-counter automaton is a 5-tuple
M=(K,Σ,∆, q0, F ),
where M′=(K,Σ,∆, q0) is a (real time) 1-counter machine and F ⊆ K is the set
of accepting states. The ω-language accepted by M is
L(M)= {σ ∈ Σω | there exists a run r of M on σ such that In(r) ∩ F 6= ∅}
The class of ω-languages accepted by real time Bu¨chi 1-counter automata will be
denoted r-BCL(1)ω.
3. Topology
3.1. Borel hierarchy and analytic sets
We assume the reader to be familiar with basic notions of topology which may
be found in [Mos80, LT94, Kec95, Sta97, PP04]. There is a natural metric on the
set Σω of infinite words over a finite alphabet Σ containing at least two letters
which is called the prefix metric and defined as follows. For u, v ∈ Σω and u 6= v
let δ(u, v) = 2−lpref(u,v) where lpref(u,v) is the first integer n such that the (n+1)
st
letter of u is different from the (n+1)st letter of v. This metric induces on Σω the
usual Cantor topology for which open subsets of Σω are in the form W.Σω, where
W ⊆ Σ⋆. A set L ⊆ Σω is a closed set iff its complement Σω − L is an open set.
Define now the Borel Hierarchy of subsets of Σω:
Definition 3.1. For a non-null countable ordinal α, the classes Σ0α and Π
0
α of the
Borel Hierarchy on the topological space Σω are defined as follows:
Σ
0
1 is the class of open subsets of Σ
ω, Π01 is the class of closed subsets of Σ
ω,
and for any countable ordinal α ≥ 2:
Σ
0
α is the class of countable unions of subsets of Σ
ω in
⋃
γ<αΠ
0
γ.
Π
0
α is the class of countable intersections of subsets of Σ
ω in
⋃
γ<αΣ
0
γ.
Recall some basic results about these classes:
Proposition 3.2.
(a) Σ0α ∪Π
0
α ( Σ
0
α+1 ∩Π
0
α+1, for each countable ordinal α ≥ 1.
(b) ∪γ<αΣ0γ = ∪γ<αΠ
0
γ ( Σ
0
α ∩Π
0
α, for each countable limit ordinal α.
(c) A set W ⊆ Xω is in the class Σ0α iff its complement is in the class Π
0
α.
(d) Σ0α −Π
0
α 6= ∅ and Π
0
α −Σ
0
α 6= ∅ hold for every countable ordinal α ≥ 1.
For a countable ordinal α, a subset of Σω is a Borel set of rank α iff it is in Σ0α∪Π
0
α
but not in
⋃
γ<α(Σ
0
γ ∪Π
0
γ).
There are also some subsets of Σω which are not Borel. Indeed there exists another
hierarchy beyond the Borel hierarchy, which is called the projective hierarchy and
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which is obtained from the Borel hierarchy by successive applications of operations
of projection and complementation. The first level of the projective hierarchy is
formed by the class of analytic sets and the class of co-analytic sets which are
complements of analytic sets. In particular the class of Borel subsets of Σω is
strictly included into the class Σ11 of analytic sets which are obtained by projection
of Borel sets.
Definition 3.3. A subset A of Σω is in the class Σ11 of analytic sets iff there exists
another finite set Y and a Borel subset B of (Σ×Y )ω such that x ∈ A↔ ∃y ∈ Y ω
such that (x, y) ∈ B, where (x, y) is the infinite word over the alphabet Σ×Y such
that (x, y)(i) = (x(i), y(i)) for each integer i ≥ 1.
We now define completeness with regard to reduction by continuous functions.
For a countable ordinal α ≥ 1, a set F ⊆ Σω is said to be a Σ0α (respectively,
Π
0
α, Σ
1
1)-complete set iff for any set E ⊆ Y
ω (with Y a finite alphabet): E ∈ Σ0α
(respectively, E ∈ Π0α, E ∈ Σ
1
1) iff there exists a continuous function f : Y
ω → Σω
such that E = f−1(F ). Σ0n (respectivelyΠ
0
n)-complete sets, with n an integer ≥ 1,
are thoroughly characterized in [Sta86].
In particular R = (0⋆.1)ω is a well known example of Π02-complete subset of
{0, 1}ω. It is the set of ω-words over {0, 1} having infinitely many occurrences of
the letter 1. Its complement {0, 1}ω − (0⋆.1)ω is a Σ02-complete subset of {0, 1}
ω.
We recall now the definition of the arithmetical hierarchy of ω-languages which
form the effective analogue to the hierarchy of Borel sets of finite ranks.
Let X be a finite alphabet. An ω-language L ⊆ Xω belongs to the class Σn if and
only if there exists a recursive relation RL ⊆ (N)n−1 ×X⋆ such that
L = {σ ∈ Xω | ∃a1 . . . Qnan (a1, . . . , an−1, σ[an + 1]) ∈ RL}
where Qi is one of the quantifiers ∀ or ∃ (not necessarily in an alternating order).
An ω-language L ⊆ Xω belongs to the class Πn if and only if its complement
Xω − L belongs to the class Σn. The inclusion relations that hold between the
classes Σn and Πn are the same as for the corresponding classes of the Borel
hierarchy. The classes Σn and Πn are included in the respective classes Σ
0
n
and
Σ
0
n
of the Borel hierarchy, and cardinality arguments suffice to show that these
inclusions are strict.
As in the case of the Borel hierarchy, projections of arithmetical sets (of the second
Π-class) lead beyond the arithmetical hierarchy, to the analytical hierarchy of ω-
languages. The first class of this hierarchy is the (lightface) class Σ11 of effective
analytic sets which are obtained by projection of arithmetical sets. The (lightface)
class Π11 of effective co-analytic sets is simply the class of complements of effective
analytic sets. We denote as usual ∆11 = Σ
1
1 ∩ Π
1
1.
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It is well known that an ω-language L ⊆ Xω is in the class Σ11 iff it is accepted by
a non deterministic Turing machine with a Bu¨chi or Muller acceptance condition
[Sta97].
Borel ranks of (lightface) ∆11 sets are the (recursive) ordinals γ < ω
CK
1 , where
ωCK1 is the first non-recursive ordinal, usually called the Church-Kleene ordinal.
Moreover, for every non null ordinal α < ωCK1 , there exist some Σ
0
α-complete and
some Π0α-complete sets in the class ∆
1
1. On the other hand, Kechris, Marker and
Sami proved in [KMS89] that the supremum of the set of Borel ranks of (lightface)
Σ11-sets is an ordinal γ
1
2 which is strictly greater than the ordinal δ
1
2 which is the
first non ∆12 ordinal. Thus the ordinal γ
1
2 is also strictly greater than the Church-
Kleene ordinal ωCK1 . The exact value of the ordinal γ
1
2 may depend on axioms of
set theory [KMS89]. It is consistent with the axiomatic system ZFC that γ12 is
equal to the ordinal δ13 which is the first non ∆
1
3 ordinal (because γ
1
2 = δ
1
3 in ZFC
+ (V=L)). On the other hand the axiom of Π11-determinacy implies that γ
1
2 < δ
1
3 .
For more details, we refer the reader to [KMS89] and to a textbook of set theory
like [Jec02].
Notice however that it seems still unknown whether every non null ordinal γ < γ12
is the Borel rank of a (lightface) Σ11-set.
3.2. Wadge hierarchy
We now introduce the Wadge hierarchy, which is a great refinement of the Borel
hierarchy defined via reductions by continuous functions, [Wad83, Dup01].
Definition 3.4 (Wadge [Wad83]). Let X, Y be two finite alphabets. For L ⊆ Xω
and L′ ⊆ Y ω, L is said to be Wadge reducible to L′ (L ≤W L′) iff there exists a
continuous function f : Xω → Y ω, such that L = f−1(L′).
L and L′ are Wadge equivalent iff L ≤W L′ and L′ ≤W L. This will be denoted by
L ≡W L′. And we shall say that L <W L′ iff L ≤W L′ but not L′ ≤W L.
A set L ⊆ Xω is said to be self dual iff L ≡W L
−, and otherwise it is said to be
non self dual.
The relation ≤W is reflexive and transitive, and ≡W is an equivalence relation.
The equivalence classes of ≡W are called Wadge degrees.
The Wadge hierarchy WH is the class of Borel subsets of a set Xω, where X is a
finite set, equipped with ≤W and with ≡W .
For L ⊆ Xω and L′ ⊆ Y ω, if L ≤W L′ and L = f−1(L′) where f is a continuous
function from Xω into Y ω, then f is called a continuous reduction of L to L′.
Intuitively it means that L is less complicated than L′ because to check whether
x ∈ L it suffices to check whether f(x) ∈ L′ where f is a continuous function. Hence
the Wadge degree of an ω-language is a measure of its topological complexity.
Notice that in the above definition, we consider that a subset L ⊆ Xω is given
together with the alphabet X . This is important as it is shown by the following
simple example. Let L1 = {0, 1}
ω ⊆ {0, 1}ω and L2 = {0, 1}
ω ⊆ {0, 1, 2}ω. So
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the languages L1 and L2 are equal but considered over the different alphabets
X1 = {0, 1} and X2 = {0, 1, 2}. It turns out that L1 <W L2. In fact L1 is open
and closed in Xω1 while L2 is closed but non open in X
ω
2 .
We can now define the Wadge class of a set L:
Definition 3.5. Let L be a subset of Xω. The Wadge class of L is :
[L] = {L′ | L′ ⊆ Y ω for a finite alphabet Y and L′ ≤W L}.
Recall that each Borel class Σ0α and Π
0
α is a Wadge class.
A set L ⊆ Xω is a Σ0α (respectively Π
0
α)-complete set iff for any set L
′ ⊆ Y ω, L′
is in Σ0α (respectively Π
0
α) iff L
′ ≤W L . It follows from the study of the Wadge
hierarchy that a set L ⊆ Xω is a Σ0α (respectively, Π
0
α)-complete set iff it is in Σ
0
α
but not in Π0α (respectively, in Π
0
α but not in Σ
0
α).
There is a close relationship between Wadge reducibility and games which we now
introduce.
Definition 3.6 (Wadge [Wad83]). Let L ⊆ Xω and L′ ⊆ Y ω. The Wadge game
W (L,L′) is a game with perfect information between two players, player 1 who is
in charge of L and player 2 who is in charge of L′.
Player 1 first writes a letter a1 ∈ X, then player 2 writes a letter b1 ∈ Y , then
player 1 writes a letter a2 ∈ X, and so on.
The two players alternatively write letters an of X for player 1 and bn of Y for
player 2.
After ω steps, the player 1 has written an ω-word a ∈ Xω and the player 2 has
written an ω-word b ∈ Y ω. The player 2 is allowed to skip, even infinitely often,
provided he really writes an ω-word in ω steps.
The player 2 wins the play iff [a ∈ L↔ b ∈ L′], i.e. iff :
[(a ∈ L and b ∈ L′) or (a /∈ L and b /∈ L′ and b is infinite)].
Recall that a strategy for player 1 is a function σ : (Y ∪{s})⋆ → X . And a strategy
for player 2 is a function f : X+ → Y ∪ {s}.
σ is a winning stategy for player 1 iff he always wins a play when he uses the
strategy σ, i.e. when the nth letter he writes is given by an = σ(b1 . . . bn−1), where
bi is the letter written by player 2 at step i and bi = s if player 2 skips at step i.
A winning strategy for player 2 is defined in a similar manner.
Martin’s Theorem states that every Gale-Stewart Game G(X), with X a Borel
set, is determined, see [Kec95]. This implies the following determinacy result :
Theorem 3.7 (Wadge). Let L ⊆ Xω and L′ ⊆ Y ω be two Borel sets, where X and
Y are finite alphabets. Then the Wadge game W (L,L′) is determined : one of the
two players has a winning strategy. And L ≤W L′ iff the player 2 has a winning
strategy in the game W (L,L′).
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Theorem 3.8 (Wadge). Up to the complement and ≡W , the class of Borel subsets of
Xω, for a finite alphabet X, is a well ordered hierarchy. There is an ordinal |WH |,
called the length of the hierarchy, and a map d0W from WH onto |WH |−{0}, such
that for all L,L′ ⊆ Xω:
d0WL < d
0
WL
′ ↔ L <W L′ and
d0WL = d
0
WL
′ ↔ [L ≡W L
′ or L ≡W L
′−].
The Wadge hierarchy of Borel sets of finite rank has length 1ε0 where
1ε0 is the
limit of the ordinals αn defined by α1 = ω1 and αn+1 = ω
αn
1 for n a non negative
integer, ω1 being the first non countable ordinal. Then
1ε0 is the first fixed point
of the ordinal exponentiation of base ω1. The length of the Wadge hierarchy of
Borel sets in ∆0ω = Σ
0
ω∩Π
0
ω is the ω
th
1 fixed point of the ordinal exponentiation of
base ω1, which is a much larger ordinal. The length of the whole Wadge hierarchy
of Borel sets is a huge ordinal, with regard to the ωth1 fixed point of the ordinal
exponentiation of base ω1. It has been determined by Wadge and is described in
[Wad83, Dup01] by the use of the Veblen functions.
4. Wadge hierarchy of infinitary rational relations
We have proved in [Fin06a] the following result.
Theorem 4.1 ([Fin06a]). The Wadge hierarchy of the class r-BCL(1)ω is equal to
the Wadge hierarchy of the class Σ11 of ω-languages accepted by Turing machines
with a Bu¨chi acceptance condition.
We are going to prove a similar result for the class RATω, using a simulation of
1-counter automata.
Theorem 4.2. The Wadge hierarchy of the class RATω is equal to the Wadge
hierarchy of the class r-BCL(1)ω hence also of the class Σ
1
1 of ω-languages accepted
by Turing machines with a Bu¨chi acceptance condition.
We now first define a coding of an ω-word over a finite alphabet Σ, such that
0 ∈ Σ, by an ω-word over the alphabet Γ = Σ ∪ {A}, where A is an additional
letter not in Σ.
For x ∈ Σω the ω-word h(x) is defined by:
h(x) = A.0.x(1).A.02.x(2).A.03.x(3).A.04.x(4).A. . . . .A.0n.x(n).A.0n+1.x(n+1).A . . .
Then it is easy to see that the mapping h from Σω into (Σ ∪ {A})ω is continuous
and injective.
Let now α be the ω-word over the alphabet Σ ∪ {A} which is defined by:
α = A.0.A.02.A.03.A.04.A.05.A . . .A.0n.A.0n+1.A . . .
We can now state the following Lemma.
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Lemma 4.3. Let Σ be a finite alphabet such that 0 ∈ Σ, α be the ω-word over
Σ ∪ {A} defined as above, and L ⊆ Σω be in r-BCL(1)ω. Then there exists an
infinitary rational relation R1 ⊆ (Σ ∪ {A})ω × (Σ ∪ {A})ω such that:
∀x ∈ Σω (x ∈ L) iff ((h(x), α) ∈ R1)
Proof. Let Σ be a finite alphabet such that 0 ∈ Σ, α be the ω-word over Σ ∪ {A}
defined as above, and L = L(A) ⊆ Σω, where A=(K,Σ,∆, q0, F ) is a real time
1-counter Bu¨chi automaton.
We define now the relation R1. A pair y = (y1, y2) of ω-words over the alphabet
Σ ∪ {A} is in R1 if and only if it is in the form
y1 = A.u1.v1.x(1).A.u2.v2.x(2).A.u3.v3.x(3).A . . . A.un.vn.x(n).A. . . .
y2 = A.w1.z1.A.w2.z2.A.w3.z3.A . . . A.wn.zn.A . . .
where |v1| = 0 and for all integers i ≥ 1,
ui, vi, wi, zi ∈ 0
⋆ and x(i) ∈ Σ and
|ui+1| = |zi|+ 1
and there is a sequence (qi)i≥0 of states of K such that for all integers i ≥ 1:
x(i) : (qi−1, |vi|) 7→A (qi, |wi|)
Moreover some state qf ∈ F occurs infinitely often in the sequence (qi)i≥0.
Notice that the state q0 of the sequence (qi)i≥0 is also the initial state of A.
Notice that the main idea is that we try to simulate, using a 2-tape automaton,
the reading of the infinite word x(1).x(2).x(3) . . . by the real time 1-counter Bu¨chi
automaton A. The initial value of the counter is |v1| and the value of the counter
after the reading of the letter x(1) by A is |w1| which is on the second tape.
Now the 2-tape automaton accepting R1 would need to read again the value |w1|
in order to compare it to the value of the counter after the reading of x(2) by
the 1-counter automaton A. This is not directly possible so the simulation does
not work on every pair of R1. However, using the very special shape of pairs in
h(Σω) × {α}, the simulation will be possible on a pair (h(x), α). Then for such a
pair (h(x), α) ∈ R1 written in the above form (y1, y2), we have |v2| = |w1| and
then the simulation can continue from the value |v2| of the counter, and so on.
We now give the details of the proof.
Let x ∈ Σω be such that (h(x), α) ∈ R1. We are going to prove that x ∈ L.
By hypothesis (h(x), α) ∈ R1 thus there are finite words ui, vi, wi, zi ∈ 0⋆ such
that |v1| = 0 and for all integers i ≥ 1, |ui+1| = |zi|+ 1, and
h(x) = A.u1.v1.x(1).A.u2.v2.x(2).A.u3.v3.x(3).A . . . A.un.vn.x(n).A. . . .
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α = A.w1.z1.A.w2.z2.A.w3.z3.A . . . A.wn.zn.A . . .
Moreover there is a sequence (qi)i≥0 of states of K such that for all integers i ≥ 1:
x(i) : (qi−1, |vi|) 7→A (qi, |wi|)
and some state qf ∈ F occurs infinitely often in the sequence (qi)i≥0.
On the other side we have:
h(x) = A.0.x(1).A.02.x(2).A.03.x(3).A . . . A.0n.x(n).A.0n+1.x(n+ 1).A . . .
α = A.0.A.02.A.03.A.04.A . . . A.0n.A . . .
So we have |u1.v1| = 1 and |v1| = 0 and x(1) : (q0, |v1|) 7→A (q1, |w1|). But
|w1.z1| = 1, |u2.v2| = 2, and |u2| = |z1|+ 1 thus |v2| = |w1|.
We are going to prove in a similar way that for all integers i ≥ 1 it holds that
|vi+1| = |wi|.
We know that |wi.zi| = i, |ui+1.vi+1| = i+1, and |ui+1| = |zi|+1 thus |wi| = |vi+1|.
Then for all i ≥ 1, x(i) : (qi−1, |vi|) 7→A (qi, |vi+1|).
So if we set ci = |vi|, (qi−1, ci)i≥1 is an accepting run of A on x and this implies
that x ∈ L.
Conversely it is easy to prove that if x ∈ L then (h(x), α) may be written in the
form of (y1, y2) ∈ R1.
It remains to prove that the above defined relation R1 is an infinitary rational
relation. It is easy to find a 2-tape Bu¨chi automaton T accepting the relation R1.

Lemma 4.4. The set
R2 = (Σ ∪ {A})
ω × (Σ ∪ {A})ω − (h(Σω)× {α})
is an infinitary rational relation.
Proof. By definition of the mapping h, we know that a pair of ω-words over the
alphabet (Σ ∪ {A}) is in h(Σω)× {α} iff it is in the form (σ1, σ2), where
σ1 = A.0.x(1).A.0
2.x(2).A.03.x(3).A . . . .A.0n.x(n).A.0n+1.x(n+ 1).A . . .
σ2 = α = A.0.A.0
2.A.03.A . . .A.0n.A.0n+1.A . . .
where for all integers i ≥ 1, x(i) ∈ Σ.
So it is easy to see that (Σ ∪ {A})ω × (Σ ∪ {A})ω − (h(Σω)× {α}) is the union of
the sets Cj where:
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• C1 is formed by pairs (σ1, σ2) where
σ1 has not any initial segment in A.Σ
2.A.Σ3.A, or σ2 has not any initial
segment in A.Σ.A.Σ2.A.
• C2 is formed by pairs (σ1, σ2) where
σ2 /∈ (A.0+)ω , or σ1 /∈ (A.0+.Σ)ω .
• C3 is formed by pairs (σ1, σ2) where
σ1 = A.w1.A.w2.A.w3.A . . . A.wn.A.u.A.z1
σ2 = A.w
′
1.A.w
′
2.A.w
′
3.A . . . A.w
′
n.A.v.A.z2
where n is an integer ≥ 1, for all i ≤ n wi, w′i ∈ Σ
⋆, z1, z2 ∈ (Σ ∪ {A})ω and
u, v ∈ Σ⋆ and |u| 6= |v|+ 1
• C4 is formed by pairs (σ1, σ2) where
σ1 = A.w1.A.w2.A.w3.A.w4 . . . A.wn.A.wn+1.A.v.A.z1
σ2 = A.w
′
1.A.w
′
2.A.w
′
3.A.w
′
4 . . . A.w
′
n.A.u.A.z2
where n is an integer ≥ 1, for all i ≤ n wi, w′i ∈ Σ
⋆, wn+1 ∈ Σ⋆, z1, z2 ∈
(Σ ∪ {A})ω and
u, v ∈ Σ⋆ and |v| 6= |u|+ 2
Each set Cj , 1 ≤ j ≤ 4, is easily seen to be an infinitary rational relation ⊆
(Σ∪{A})ω× (Σ∪{A})ω (the detailed proof is left to the reader). The class RATω
is closed under finite union thus
R2 = (Σ ∪ {A})
ω × (Σ ∪ {A})ω − (h(Σω)× {α}) =
⋃
1≤j≤4
Cj
is an infinitary rational relation. 
As in [Fin06a], we are going to consider first non self dual sets to prove Theorem
4.2. We recall the definition of Wadge degrees introduced by Duparc in [Dup01]
and which is a slight modification of the previous one.
Definition 4.5.
(a) dw(∅) = dw(∅−) = 1
(b) dw(L) = sup{dw(L′) + 1 | L′ non self dual and L′ <W L}
(for either L self dual or not, L >W ∅).
We are going now to introduce the operation of sum of sets of infinite words which
has as counterpart the ordinal addition over Wadge degrees.
Definition 4.6 (Wadge, see [Wad83, Dup01]). Assume that X ⊆ Y are two finite
alphabets, Y −X containing at least two elements, and that {X+, X−} is a partition
of Y −X in two non empty sets. Let L ⊆ Xω and L′ ⊆ Y ω, then
L′+L =df L∪{u.a.β | u ∈ X
⋆, (a ∈ X+ and β ∈ L
′) or (a ∈ X− and β ∈ L
′−)}
This operation is closely related to the ordinal sum as it is stated in the following:
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Theorem 4.7 (Wadge, see [Wad83, Dup01]). Let X ⊆ Y , Y −X containing at least
two elements, L ⊆ Xω and L′ ⊆ Y ω be non self dual Borel sets. Then (L+ L′) is
a non self dual Borel set and dw(L
′ + L) = dw(L
′) + dw(L).
A player in charge of a set L′ + L in a Wadge game is like a player in charge of
the set L but who can, at any step of the play, erase his previous play and choose
to be this time in charge of L′ or of L′−. Notice that he can do this only one time
during a play. The following lemma was proved in [Fin06a].
Lemma 4.8. Let L ⊆ Σω be a non self dual Borel set such that dw(L) ≥ ω. Then
it holds that L ≡W ∅+ L.
Notice that in the above lemma, ∅ is viewed as the empty set over an alphabet Σ′
such that Σ ⊆ Σ′ and cardinal (Σ′ − Σ) ≥ 2.
Proof. Assume that L ⊆ Σω is a non self dual Borel set and that dw(L) ≥ ω. We
know that ∅ is a non self dual Borel set and that dw(∅) = 1. Thus, by Theorem
4.7, it holds that dw(∅ + L) = dw(∅) + dw(L) = 1 + dw(L). But by hypothesis
dw(L) ≥ ω and this implies that 1 + dw(L) = dw(L). So we have proved that
dw(∅+ L) = dw(L).
On the other hand L is non self dual and dw(∅+ L) = dw(L) imply that only two
cases may happen : either ∅+ L ≡W L or ∅+ L ≡W L−.
But it is easy to see that L ≤W ∅+L. For that purpose consider the Wadge game
W (L, ∅+L). Player 2 has clearly a winning strategy which consists in copying the
play of Player 1 thus L ≤W ∅+L. This implies that ∅+L ≡W L− cannot hold so
∅+ L ≡W L. 
We can now state the following lemma.
Lemma 4.9. Let L ⊆ Σω be a non self dual Borel set accepted by a real time
Bu¨chi 1-counter automaton. Then there is an infinitary rational relation R ⊆
(Σ ∪ {A})ω × (Σ ∪ {A})ω such that L ≡W R.
Proof. It is well known that there are regular ω-languages of every finite Wadge
degree, [Sta97, Sel98]. These ω-languages are Boolean combinations of open sets.
So we have only to consider the case of non self dual Borel sets of Wadge degrees
greater than or equal to ω.
Let then L = L(A) ⊆ Σω be a non self dual Borel set accepted by a (real time)
Bu¨chi 1-counter automaton A such that dw(L) ≥ ω.
Let Γ = Σ∪{A} and R1 ⊆ Γω ×Γω be the infinitary rational relation constructed
from L(A) as in the proof of Lemma 4.3 and let
R = R1 ∪R2 ⊆ Γ
ω × Γω
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The class RATω is closed under finite union therefore R is an infinitary rational
relation.
Lemma 4.3 and the definition of R2 imply that Rα = {σ ∈ Γω | (σ, α) ∈ R} is
equal to the set L = h(L) ∪ (h(Σω))−.
Moreover, for all u ∈ Γω − {α}, Ru = {σ ∈ Γω | (σ, u) ∈ R} = Γω holds by
definition of R2.
Then R may be written as the union:
R = L × {α}
⋃
Γω × (Γω − {α})
or
R = h(L)× {α}
⋃
(h(Σω))− × Γω
⋃
Γω × (Γω − {α})
It is easy to see that (h(Σω))− × Γω and Γω × (Γω − {α}) are open subsets of
Γω × Γω. Thus (h(Σω))− × Γω
⋃
Γω × (Γω − {α}) is an open subset of Γω × Γω.
We denote R′ this open set so we have R = h(L)× {α}
⋃
R′.
In order to prove that R ≤W L it suffices to prove that R ≤W ∅ + L because
Lemma 4.8 states that ∅ + L ≡W L. We consider the Wadge game W (R, ∅ + L).
Player 1 is in charge of the set R ⊆ Γω × Γω and Player 2 is in charge of the set
∅+ L.
Player 2 has a winning strategy in this game which we now describe. Whenever
Player 1 “remains” in the closed set h(Σω)× {α}, i.e. whenever the word written
by Player 1 is a prefix of some ω-word in h(Σω) × {α}, then Player 2 follows the
play of Player 1 but skipping often in such a way that he has written the word
x(1).x(2).x(3) . . . x(n) when player 1 has written the word
(A.0.x(1).A.02.x(2).A.03.x(3).A . . . A.0n.x(n), α[3 + 4 + 5 + . . .+ n+ 2]).
If Player 1 “remains” forever in the closed set h(Σω)×{α} then after ω steps Player
1 has written an ω-word (h(x), α) for some x ∈ Σω, and Player 2 has written x.
So in that case (h(x), α) is in R iff x is in L iff x is in ∅+ L.
But if at some step of the play, Player 1 “goes out of” the closed set h(Σω)×{α},
because the word he has now written is not a prefix of any ω-word of h(Σω)×{α}
then its final word will be surely outside h(Σω) × {α} hence it will be surely in
R. Player 2 can now write a letter of Σ′ − Σ in such a way that he is now like a
player in charge of (Σ′)ω and he can now write an ω-word u ∈ (Σ′)ω so that his
final ω-word will be in ∅+ L. Thus Player 2 wins this play too.
We have then proved that R ≤W L.
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In order to prove that L ≤W R we consider the function g : Σω → (Σ ∪ {A})ω ×
(Σ ∪ {A})ω defined by: ∀x ∈ Σω g(x) = (h(x), α).
It is easy to see that g is continuous because h is continuous. By construction it
turns out that for all ω-words x ∈ Σω, (x ∈ L) iff ((h(x), α) ∈ R) iff (g(x) ∈ R).
This means that g−1(R) = L. This implies that L ≤W R.
Finally we have proved that R ≤W L ≤W R, so the infinitary rational relation R
is Wadge equivalent to the ω-language L and this ends the proof. 
End of Proof of Theorem 4.2. Let L ⊆ Σω be a Borel set acccepted by a real time
Bu¨chi 1-counter automaton A. If L is non self dual, then by Lemma 4.9 there is
an infinitary rational relation R ⊆ (Σ ∪ {A})ω × (Σ ∪ {A})ω such that L ≡W R.
It remains to consider the case of self dual Borel sets. The alphabet Σ being finite,
a self dual Borel set L is always Wadge equivalent to a Borel set in the form
Σ1.L1∪Σ2.L2, where (Σ1,Σ2) form a partition of Σ, and L1, L2 ⊆ Σω are non self
dual Borel sets such that L1 ≡W L
−
2 . Moreover L1 and L2 can be taken in the form
L(u1) = u1.Σ
ω ∩ L and L(u2) = u2.Σ
ω ∩ L for some u1, u2 ∈ Σ⋆, see [Dup03]. So if
L ⊆ Σω is a self dual Borel set accepted by a real time Bu¨chi 1-counter automaton
then L ≡W Σ1.L1 ∪Σ2.L2, where (Σ1,Σ2) form a partition of Σ, and L1, L2 ⊆ Σω
are non self dual Borel sets accepted by real time Bu¨chi 1-counter automata. We
have already proved that there is an infinitary rational relation T1 ⊆ Γω × Γω
such that T1 ≡W L1 and an infinitary rational relation T2 ⊆ Γω × Γω such that
T2 ≡W L2. Thus L ≡W Σ1.L1 ∪ Σ2.L2 ≡W Γ1.T1 ∪ Γ2.T2, where T1 and T2 are
subsets of Γω ×Γω and (Γ1,Γ2) form a partition of Γ×Γ. Moreover Γ1.T1 ∪Γ2.T2
is an infinitary rational relation. 
The Wadge hierarchy is a (great) refinement of the Borel hierarchy and, for each
countable non null ordinal γ, Σ0γ-complete sets (respectively, Π
0
γ-complete sets)
form a single equivalence class of ≡W , i.e. a single Wadge degree, [Wad83, Kec95].
Thus we can state the following result which is a direct consequence of above
Theorem 4.2 and of [Fin06a, Theorem 5.7].
Corollary 4.10.
(a) The Borel hierarchy of the class RATω is equal to the Borel hierarchy of the
class Σ11.
(b) γ12 is the supremum of the set of Borel ranks of infinitary rational relations.
(c) For every non null ordinal α < ωCK1 , there exists some Σ
0
α-complete and
some Π0α-complete infinitary rational relations.
5. Concluding remarks
We have only considered above the Wadge hierarchy of Borel sets. If we assume
the axiom of Σ11-determinacy, then Theorem 4.2 can be extended by considering
the class of analytic sets instead of the class of Borel sets. In fact in that case any
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set which is analytic but not Borel is Σ11-complete, see [Kec95]. So there is only
one more Wadge degree containing Σ11-complete sets. We had already proved in
[Fin03b] that there is a Σ11-complete set accepted by a 2-tape Bu¨chi automaton.
It is natural to ask for decidability results like : “Is there an algorithm to deter-
mine the Wadge degree of a given infinitary rational relation accepted by a given
2-tape Bu¨chi automaton?”. In the case of (1-tape) automata the existence of such
an algorithm has been proved by Wagner [Wag79].
Unfortunately this is not possible in the case of infinitary rational relations ac-
cepted by 2-tape Bu¨chi automata. We proved in [Fin03c] the following undecid-
ability result :
Theorem 5.1 ([Fin03c]). Let Σ and Γ be finite alphabets having at least two letters,
and α be a countable ordinal ≥ 1. Then for an effectively given infinitary rational
relation R ⊆ Σω × Γω it is undecidable to determine whether:
(a) R is in the Borel class Σ0α.
(b) R is in the Borel class Π0α.
(c) R is a Borel subset of Σω × Γω.
(d) R is a Σ1
1
-complete subset of Σω × Γω.
This implies in particular that the Wadge hierarchy of infinitary rational relations
is non effective.
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